Asymptotic formulas are derived for the distribution of absolutely irreducible polynomials in two indeterminates over finite fields. A pair of inversion formulas is presented which yield exact formulas relating the distributions of irreducible and absolutely irreducible polynomials.
Introduction.
An absolutely irreducible polynomial over a field F is a polynomial that has no proper factorization in any extension field of F. The only absolutely irreducible polynomials in one indeterminate are first degree polynomials. In this paper we examine the distribution of absolutely irreducible polynomials in two indeterminates with coefficients in GV(q). L. Carlitz has derived ( [1] and [2] ) estimates for the number of irreducible polynomials in two indeterminates with coefficients in GF(<7). We use his estimates to derive some of the results presented here.
Let fj(m, ri) denote the number of normalized polynomials in x and y with coefficients in GF(q>), where m is the degree in x and n is the degree in y. Let ipj(m, ri) denote the number of normalized irreducible polynomials. Finally, let t3(w, ri) denote the number of normalized absolutely irreducible polynomials with coefficients contained in GF(^3) but not contained in any proper subfield of GF(<73) that contains GF(^). We prove (1) r3(w, ri) = xpiim, ri) + 0(q'(m+2H"+2)'2), m,n>0.
Combining this with the result in [2], we have
for fixed m. We remark that r^m, ri) is the number of normalized absolutely irreducible polynomials with coefficients in G¥(q).
2. The relation between r^m, ri) and y)j(m, ri). We begin by presenting the following formula.
Proof. Let p(x, y) be an irreducible polynomial with coefficients in GF(q') of degrees m and n in x and y. Assume />(x,y)=7,(x, y4f2(x, y4" ■ • td(x, y) when factored into absolute irreducibles. It is not difficult to show (A) The coefficients of each polynomial, tAx, y), ■ • ■ , td(x, y), are contained in GF(qid) but in no smaller field containing GF(q').
(B) tA\x, y), • ■ ■ , td(x, y) are distinct and they form the complete set of automorphic images of tA[x, y) with respect to the automorphisms of GF(^) that fix GF(^)- Using (6) and (6.1), t3(/m, n) can be computed recursively in terms of y>j(m, n). When (m, «) = 1, we clearly have Sj(m, «)=0. Inverting (6), we obtain t3(m, «)= 2d\j rl(jlc^)V)d(m, n) when (m, n)=\. Now assume t3(a, b) has been computed when (a, b)<k, and assume (m, ri)=k. Then we have enough information to compute 53(w, «) using (6.1); and by inverting (6) we can compute t3(w, «).
Estimates for r Am, ri). We are now ready to prove (1).
Theorem 2. r}(m, n) = y>j(m, n) + 0(qi(m+2Hn+2)/2), m, n>0.
Proof.
Referring to equations (6) and (6.1), we begin by showing that Sj(m,n) = 0(qi{m+2nn+2)/2). Clearly r3(m, «)^/3(w,«)^f (m+1,<"+1).
Hence,
Tjd/e(mld> njd) = 0(qW*){mfd+lHn/d+1'), Theorem 2 is proved by combining equations (7) and (8).
Theorem 3. t3(w, n) <~ (1 -q~im)fj(m, n) (n -> oo)/or/xe<f tm.
Proof.
It is easy to show that /(w, «)>;43<73'<m+1)('!+1) for some constant /13>0. From Theorem 2 it follows that t3(wz, ri)=ipj(m, n) + o(fj(m, «)) (n->-oo) for fixed tm>0. In [2], Carlitz proves that y>3(m, n)( 1-q~im)fj{m, ri) (/j->-oo) for fixed m. These considerations prove the theorem for the case where w>0. When m=0, (l-q~im)=0, and Tj{m, w)=0 when «>1. Hence, the theorem is obvious for this case.
We conclude this paper with some remarks about the single indeterminate analogue of equation (3) 
